
[ M I  = monomer concentration, mole/hter 
[M.] 

Mn 
M ,  
M W  
rNM,  rpM = polymerization rates for no mixing and perfect 

mixing, mole/liter * s 
rt ,  r,, ru, rd = total polymerization rate, rate of sensitized 

photopolymerization, ra te  of unsensitized 
photopolymerization and rate of thermal poly- 
merization, mole/liter * s 

= total concentration of growing chains, mole/ 

= number average molecular weight 
= weight average molecular weight 
= molecular weight of monomer 

liter - 
- 

[ S ]  = photosensitizer concentration, mole/liter 
xl, xh = fractions of low and high molecular weight 

VL, VT = illuminated reactor volume and  total reactor 

Greek Letters 
em, es 

species in polymer product 

volume, liter 

= molar absorptivities of monomer and sensitizer, 
liter/mole * cm 

T = optical thickness, VT/VL 
4 = primary quantum yield, chains initiated/quan- 

turn absorbed 
&at,, &w = 4 as determined by polymerization rate mea- 

surement and  average product molecular 
weight measurement 

0 = stirrer speed, rev./min. 
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Perturbed Hard-Chain Theory: An Equation 
of State for Fluids Containing Small 
or Large Molecules 

Generalized van der Waals theory is used to  establish a partition 
function that considers the effect of density on rotational and vibrational 
motions in addition to  translational degrees of freedom. A three-parameter 
equation of state is derived from this partition function. The equation of 
state is applicable to small, spherical (argon-like) molecules and also to 
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large, structurally complex molecules, including polymers. Parameters are 
presented for three polymers and twenty-two common fluids including 
light hydrocarbons, heavy hydrocarbons, nitrogen, carbon dioxide, hydro- 
gen, carbon monoxide, hydrogen sulfide, sulfur dioxide, and water. The 
equation of state gives good liquid densities, and vapor pressures, and 
fair second virial coefficients. 

SCOPE 
Equations of state provide a useful tool for estimating hand, perturbec .hard-sphere theory for small molecL 

thermodynamic properties of fluids. Empirical equations 
can give good results only if the numerous constants are 
determined from extensive experimental data. Theoretical 
equations require only limited experimental data, but the 
theoretical basis of such equations is limited either to small 
spherical molecules or, for more complex molecules, to a 
small density range. 

A new equation of state, presented here, follows from 
a generalization of van der Waals theory, applicable to 
complex molecules at all fluid densities. The new equation 
of state is based on an interpolation between, on the one 

es 
(valid i t  all densities) and, on the other, Prigogine’s theory 
for chain molecules (valid only at liquid like densities). 
The new equation of state contains three adjustable param- 
eters reflecting molecular size (repulsive forces), molecu- 
lar potential energy (attractive forces), and the number of 
external degrees of freedom, that is, those molecular mo- 
tions which are affected by density. 

Parameters are given for a variety of fluids. Results are 
presented for second virial coefficients, vapor pressures, 
saturated liquid volumes, and residual enthalpies. 

CONCLUSIONS A N D  SIGNIFICANCE 
The new equation of state holds for both gases and 

liquids; it is applicable to many fluids ranging in molecular 
complexity from hydrogen and methane to large hydro- 
carbons and polymers, including carbon dioxide, hydrogen 
sulfide, sulfur dioxide, and water. Like all analytical equa- 
tions of state, the new equation is not good in the critical 
region. 

Despite its theoretical basis, the new equation of state 
is in closed algebraic form without the cumbersome 

integrals that characterize most modern theories of fluids. 
The equation of state presented here, using only three 

adjustable parameters, is useful primarily for estimating 
thermodynamic properties of fluids containing large mole- 
cules. For such fluids, experimental data are scarce, and, 
because of severe deviation from spherical shape, the 
molecules of these fluids exercise rotational and vibrational 
degrees of freedom which are density-dependent. The 
new equation of state, unlike others, takes these degrees of 
freedom into account. 

Quantitative calculations in chemical process design re- 
quire reliable estimates of thermodynamic properties. As 
discussed in numerous texts, an equation of state provides 
one possible tool for obtaining such properties for fluids. 
As a result, the literature is rich with articles describing a 
large variety of equations of state. In this work we pro- 
pose one more such equation, but, as shown below, this 
new equation incorporates a few radically new features 
which may be particularly useful for some engineering 
purposes. Our new equation is applicable to fluids con- 
taining complex as well as simple molecules over a wide 
range of density including the compressed liquid. Our ex- 
perience so far is primarily for nonpolar fluids, but we 
have also obtained good results for a few polar fluids, in- 
cluding water. 

Equations of state for fluids can be broadly classified 
into two categories: empirical and theoretical, although 
some equations, with at least a modest claim to a theo- 
retical basis, are sometimes called semiempirical. Empirical 
equations are useful primarily for presenting experimental 
data in analytical form, thereby facilitating integration and 
differentiation of the data to obtain desired thermodynamic 
properties. A well-known example of such an equation of 
state is the Benedict-Webb-Rubin (BWR) equation, 
which contains eight adjustable parameters. In recent 
years various extensions of the BWR equation have been 
presented, increasing both the mathematical complexity 
and the number of adjustable parameters. For example, 
the equation of Gosman (Gosman et a]., 1969) requires 
sixteen conrtants to represent the properties of argon, 
while that of Bender (1973), also for argon, requires 
twentv constants. 

While empirical equations of state are plentiful, theo- 
retical equations are rare. Among these, best known is 
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the virial equation of state, which, however, has only 
limited engineering utility since in practice it can be used 
only for low or moderate vapor densities; it is not applica- 
ble to dense gases or liquids. 

Essentially all other theoretical equations of state are 
modern expressions of physical concepts first suggested by 
van der Waals over 100 years ago. These equations are 
of ten called perturbed-hard-sphere equations (Reed and 
Gubbins, 1973) because they are based on the funda- 
mental assumption that the microstructure of a fluid is 
determined primarily by the repulsive forces of the mole- 
cules (that is, by the molecular diameters); once this 
microstructure is determined as a function of density, the 
effect of attractive forces can then be calculated by assum- 
ing that the molecules are situated in a uniform average 
field of force. In this context, uniform means that the field 
is both homogeneous and isotropic; the force at any one 
point and in any one direction is the same as that at any 
other point and in any other direction. The field strength 
for a given fluid depends on temperature and density. 

In recent years much attention has been given by 
physicists to the details of calculating the effect of density 
on the structure of nonattracting (hard-sphere) molecules 
and the effect of temperature and density on the field 
strength. With very few exceptions, however, such calcula- 
tions have been limited to small, spherically svmmetric 
(argon-like) molecules. Carnahan and Starling (1972) have 
shown how two particularly simple forms of the perturbed- 
hard-sphere equation may be applied to practical engineer- 
ing calculations for simple nonpolar fluids. In principle, 
but not always in practice, perturbed-hard-sphere equa- 
tions auplv to the entire ranye of fluid densities. 

Little attention has been given toward development of 
a theoretical equation of state for fluids containing large 
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Fig. 1. Perturbed hard-chain theory provides an equation of state 
for fluids containing simple or complex molecules, covering a11 fluid 

densities. 

polyatomic molecules because such molecules, in addition 
to translation, can also exercise rotational and vibrational 
motions which depend on density and, therefore, con- 
tribute to the equation of state. By contrast, argon-like 
molecules have only translational degrees of freedom since 
they neither rotate nor vibrate. Small molecules (for exam- 
ple, nitrogen, methane) have rotational and vibrational 
degrees of freedom, but since these, with little error, can 
be considered independent of density for normal fluid 
densities, perturbed-hard-sphere theory often provides a 
good approximation for fluids containing simple poly- 
atomic molecules. 

On the other hand, physical chemists interested in liquid 
polymers have developed theoretical equations of state 
suitable for very large molecules but restricted to liquid- 
like Ztnsities (Prigogine, 1957; Hijmans, 1961; Flory, 
l97i ;  2atterson and Delmas, 1970). All of these are based 
on aii ingenious simplifying assumption proposed by 
Prigos,.:e, namely, that at high densities, all density- 
dependent degrees of freedom can be treated as equiva- 
lent trac?-stional degrees of freedom. For example, the 
equation oi state proposed by Flory (19'70) combines 
Prigogine's treatment with that of van der Waals, but it 
is useful for both polymers and monomers only at high 
densities. It gives qualitatively incorrect results at low 
densities since, at zero density, it does not approach the 
ideal-gas law. 

With respect to theoretical equations of state, the pres- 
ent situation may be d,escribed by the diagram shown in 
Figure 1. 

At low densities, theoretical methods are available for 
calculating thermodynamic properties of a variety of mole- 
cules, including those possessing high molecular complexity 
(Hill, 1962; Reed and Gubbins, 1973). 

For large molecules, where rotational and vibrational 
degrees of freedom depend significantly on density, 
Prigogine's assumption leads to a useful theoretical equa- 
tion of state, which, however, is restricted to high (liquid- 
like) densities. 

The purpose of this work is to establish a theoretically 
based equation which is valid for simple and complex 
molecules and for the entire array of fluid densities, rang- 
ing from the ideal gas to liquids and hichly compressed 
gases. Upon suitably combining Prigogine's approximation 
with perturbed-hard-sphere theory, we have constructed 
a perturbed-hard-chain theory which yields the new equa- 
tion of state. The advantage of such an equation of state 
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TABLE 1. KEY EQUATIONS FROM PARTITION FUNCTION 
SECOND VIRIAL COEFFICIENT* 

7.03 3.52 1.17 0.29 
rv*c T Tz  T3 T4 
--z2.96 B - 

Residual Enthalpyt 

Residual Entropy'" 

S R  a w  ( r / t i )  ( 3 r / ~  - 4 )  
R (1  - 7 / 4 2  

w I 

- = - c ( a); + c 

See page 3029 of Alder (1972). 
f H E  5 H ( T ,  V) - H l d - 1  ( T ) .  

O Q  S R  I S(T ,  V) - S 1 d - l  ( T ,  V). 

Superscripts G and L refer to gaseous and liquid phases. 

is that it enables the design engineer to estimate thermo- 
dynamic properties of a large variety of fluids using only 
limited experimental data. One equation alone can be used 
for classes of fluids whose molecules range in complexity 
from, say, methane through eicosane or anthracene to 
polyethylene or polystyrene. One equation, applicable to 
both gases and liquids, and requiring only three adjustable 
molecular parameters, can provide good estimates of the 
thermodynamic properties of numerous fluids such as 
those shown in Table 1. 

The statistical-mechanical derivation of the new equa- 
tion of state is outlined in the next section. Readers con- 
cerned only with application may go directly to the sec- 
tion following Equation (13). 

PARTITION FUNCTION 

As discussed in any text on statistical mechanics, the 
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equation of state is directly related to the partition func- 
tion Q by 

P = kT (,-) 8 In Q 
T.N 

The generalized van der Waals partition function (Vera 
and Prausnitz, 1972; Hill, 1962) is 

Contributions from translational degrees of freedom are 
given by the first bracketed term, where A is a constant 
depending on temperature . 

For argon-like molecules, the quantity q,,, is independent 
of volume, and therefore, as indicated by Equation (1) ,  
it does not contribute to the equation of state. However, 
for polyatomic molecules, this frequently made simpli- 
fying assumption is not valid. The extent to which 
a molecule can rotate depends on whether or not that 
molecule is all alone or is surrounded by other molecules; 
in other words, the extent to which rotation can be exer- 
cised depends on density. The ability of atoms within a 
molecule to vibrate is also affected by the presence of near 
neighbors, although that effect is much smaller than the 
effect of near neighbors on rotations. 

EXTERNAL DEGREES OF FREEDOM 

Following Prigogine, we factor the contributions from 
rotational and vibrational degrees of freedom into an in- 
ternal part and an external part: 

qr,v = qint ' qext 

where qint depends only on temperature, but qext depends 
also on density. Again, following Prigogine, we want at 
liquid-like densities to consider external rotational and 
vibrational degrees of freedom as equivalent translational 
degrees of freedom; the total number of external degrees 
of freedom is designated by 3c. For argon-like molecules, 
c = 1, and for all other molecules c > 1. Parameter c 
reflects the extent to which a molecule can exercise rota- 
tional and vibrational motions which are affected by the 
presence of neighbors. Indirectly, therefore, c is often a 
measure of molecular size because a large molecule has 
more external rotations and vibrations than a small mole- 
cule. However, more properly, parameter c reflects the 
looseness (or flexibility) of a molecule. Thus, parameter c 
for a stiff rod is smaller than that for a soft (rubber-like) 
rod having the same dimensions. 

To find a suitable function for qext, we note first that 
there are four boundary conditions that must be satisfied: 

In the ideal-gas limit, as V + co, for all values of c 

(3) 

(4) 

In the close-packed liquid limit, as V + Vo, for all 
values of c 

(5) 

where Vo is the closest-packed volume (largest possible 
density). 

Equation (4) is necessary to obtain the ideal-gas law 
as the volume becomes very large. Equation (5) says 
that when the molecules are packed as densely as possible, 
all external degrees of freedom are locked in; that is, the 
molecule cannot exercise any motions. 

For simple fluids, for all fluid densities, as c -+ 1 
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qext = 1 (6) 
and the free volume Vf is given by an expression obtained 
from Carnahan and Starling (19 i2).  (bee also Vera and 
Prausnitz, 1972.) 

Here 7 is a numerical constant (7 = ~ 4 3 / 6  = 0.7405), 

and 'i is a reduced volume defined in Equation (10). The 
Carnahan-Starling equation holds for the fluid density 

0 < 0-l < 0.6, which corresponds to typical densities 
encountered in chemical engineering. 

Finally, to obtain Prigogiiie's result for large molecules 
at liquid-like densities, it is necessary that 

c 

vf h3 qext +. ( g)c 
Equation (8) says that at liquid-like densities all ex- 

ternal and rotational degrees of freedom can be considered 
as equivalent translational degrees of freedom. 

To meet these boundary conditions, we now postulate 
the simplest possible function for qext: 

c-1  

qext = (+) 
where V, is given by Equation (7) .  Equation (9) clearly 
satisfies the boundary conditions given by Equations (4), 
( 5 ) ,  and ( 6 ) .  Equation (9) also satisfies the boundary 
condition given by Equation (8) when we assume that 
liquids remote from critical conditions are essentially in- 
compressible. 

For large molecules i t  is convenient mentally to divide 
the molecule into r segments of equal size. The reduced 
volume is therefore defined by 

- v  
2)=- 

Nrv" 

where v Q  is the close-packed volume per segment. For 
hard-sphere molecules, r = 1, and o* is related to the 
hard-sphere diameter d by 

v Q  = d 3 / 4  (11) 
The hard-core volume rwQ is closely related to the famil- 

iar van der Waals constant b. 

POTENTIAL FIELD 

The energy of interaction between a pair of molecules 
is a sensitive function of the intermolecular distance be- 
tween them. To obtain an expression for the potential field 
+, we must know how the molecules are positioned in 
space; this information is given by the radial distribution 
function. The original van der Waals theory assumes that 
the radial distribution function is independent of density 
and temperature. This assumption leads to the conclusion 
that intermolecular energy must be proportional to the 
density. However, x-ray scattering data have shown that 
while the radial distribution function depends weakly on 
temperature, it depends strongly on density. For the inter- 
molecular potential field +, we use the molecular-dynamic 
results of Alder (Alder et al., 1972) for molecules whose 
intermolecular forces are represented by the square-well 
potential, with a well width equal to one-half the diameter 
of the molecule. As shown by Alder, molecular dynamics 
avoids the problem of explicitly using radial distribution 
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Fig. 2. Compressibility factor for hard-chain fluids depends on 
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Fig. 3. Reduced van der Waals constant a depends on T and v. 

functions. Alder's results may be written in the form - -  
(12) 

4J - = ~q W ( T ,  U) 
2 

where c q  equals characteristic energy per molecule, energy 
parameter E is per external molecular segment, and param- 
eter q is proportional to the external surface area of a 
molecule. (For pure fluids, the two parameters c and q 
always appear together, as a product.) The analytical 

function W depends on reduced volume o (U 2 1.5) 

defined by Equation (10) and on reduced temperature T, 
here defined by 

c -  

- 
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Equation (13) gives a measure of the ratio of kinetic 
energy to potential energy per molecule. Details for W 
are given in the Appendix. 

EQUATION OF STATE 

Substitution of Equations ( 2 ) ,  (3) ,  (7),  (9), and (12) 
into Equation (1)  gives the new equation of state. We 
write it in the familiar form of the van der Waals equation 
of state 

a 
z = z (hard chain) - - 

RTu 

where compressibility factor z is defined in the usual way: 

( 14) 

Pv 
RT 

z = -  

4(7 /0 )  - 2(T/u)2 
z(hardchain) = 1 + c (16) ( 1  - 7 / 0 3  

Van der Waals constant a is, in fact, not constant but - -  
depends on u and T: 

(17) 
Coefficients A,, are dimensionless constants given in the 

Appendix. These constants are independent of the nature 
of the molecules. 

z(hard chain) takes into account the effect of repulsive 
forces on deviation from ideal-gas behavior. I t  depends 

strongly on reduced density v-l and on parameter c as 
shown in Figure 2. 

The second term on the right-hand side of Equation 
( 14), often called the perturbation contribution, takes 
into account the effect of attractive forces. Reduced van 

der Waals constant a is shown in Figure 3. At low densi- 

ties and high temperatures, a is nearly constant as in the 

original van der Waals theory. As density rises, a falls, 
approaching zero at very high densities corresponding to 
highly compressed liquids. For typical chemical engineer- 
ing problems, the reduced density range is between zero 
and 0.55. 

- 

CI 

- 
- 

SOME PROPERTIES OF THE NEW EQUATION OF STATE 

Equation (14) is the new equation of state. Unlike 
other theoretical equations for real molecules at high 
densities, it is algebraically simple and requires no integra- 
tions. 

Equation ( 14) has only three adjustable parameters: 
roo, ( E q / k ) ,  and c. These parameters are obtained from 
data reduction as outlined below. For application to pure 
cornp,onen[s, it is not necessary to split the two products 
rv" and c q .  However, such separation is necessary for 
application to mixtures as discussed in a forthcoming pub- 
lication. Parameters r and q are then evaluated from 
molecular-structure data. 

Figure 4 shows a few calculated P - o isotherms for 
different values of parameter c.  Figure 4 indicates what is 
easily verified by inspection of Equation (14) : for fixed 
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Fig. 4. Effect of parameter c on reduced equation of state. The ratio 
V * / V  is the reduced density. 

- . d  

values of T and v ,  parameter c is of much importance when 
c is of the order of unity, but its importance rapidly de- 
creases at large values of c. 

For argonlike molecules, as c, T ,  and q all + 1, Equa- 
tion (14) reduces to the perturbed-hard-sphere result of 
Alder (Alder et al., 1972). In that event we have a two- 
parameter, corresponding-states equation of the form 

For polymers, as l / c  + 0, Equation (14)  reduces to 
the form suggested by Prigogine (1957), also a corre- 
sponding-states equation: 

In Equations (18) and (19) the functions f are not the 
same, although they are closely related as shown in Equa- 
tion (14) .  

For intermediate values of c, Equation (14) g' ives a 
three-parameter, corresponding-states equation: 

- c -  

P = f ( u ,  T ,  c) (20) 
The second virial coefficient is given by a simple expres- 
sion shown in Table 1. 

The vapor pressure of a liquid is found by equating 
the chemical potential of the vapor to that of the liquid; 
the result is also shown in Table 1. Finally, this table also 
gives expressions for fugacity, residual enthalpy, and re- 
sidual entropy. 
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TABLE 2. CHARACTERISTIC PARAMETERS FOR TWENTY Two 
FLUIDS AND THREE POLYMERS 

Methane 
Ethane 
Propane 
Hexane 
n-heptane 
n-dodecane 
n-hexadecane 
n-eicosane 
Ethylene 
i-butane 
Benzene 
Cyclohexane 

Hydrogen 
Argon 
Nitrogen 

Carbon monoxide 
Carbon dioxide 
,Hydrogen sulfide 
Sulfur dioxide 
Water 

1.2361 
0.9077 
0.8620 
0.7561 
0.7414 
0.7334 
0.7030 
0.6902 
0.9254 
0.8909 
0.6042 
0.6625 

152.2 1.00 
299.9 1.38 
375.0 1.44 
631.4 1.91 
728.2 2.14 

1,045.6 2.58 
1,487.0 3.78 
1,808.1 4.46 

248.4 1.15 
406.3 1.38 
605.2 1.54 
620.7 1.66 

3.6034 24.3 1.00 
0.3777 119.6 1.00 
0.6438 102.3 1.00 

0.6549 107.1 1.00 
0.4031 315.1 1.46 
0.5505 358.0 1.32 
0.3476 478.6 1.61 
0.5357 818.3 1.87 

9( 2-phenylethy1)heptadecane 0.6490 1,986.5 4.52 
1,7-dicyclopentyl-4( 3-cyclopentyl- 0.6309 1,945.1 4.18 

propyl ) heptane 

0 M w v O g D  = m e ,  where M W  = molecular weight. 

kc rvo 

€9 
For polyethylene T o  = - - - 474.7"K, P O  = - = 1,229 bars, u o a p  

= 0.6563 cms/g. 
For polyisobutylene T o  = 472.7"K, P o  = 1,782 bars, v o 8 p  = 0.6012 
cm3/g. 
For polystyrene T o  = 544.0"K, Po = 1,691 bars, O"SP = 0.5316 cm3/g. 

DATA REDUCTION 

The three adjustable parameters ( q / k ) ,  rv', and c can 
be obtained from PV?' data for gases and liquids and from 
vapor-pressure data. We have obtained these parameters 
for twenty-two pure fluids and for several polymers; results 
are given in Table 2. Since our ultimate aim is to use the 
new equation of state for calculation of phase equilibria 
( K  factors) and enthalpies for mixtures, we used primarily 
vapor pressures and PVT data for liquids. For very large 
molecules (polymers), only PVT data were used. 

Figures 5 and 6 show some calculated and observed 
vapor pressures, and Table 3 gives a measure of deviations 
between calculated and observed vapor pressures. Figure 
7 shows some calculated and observed saturated liquid 
densities, and Figure 8 compares predicted with observed 
second virial coefficients. Table 4 shows experimental and 
predicted enthalpies for methane, isobutane, nitrogen and 
water; results are given for both gases and liquids. 

For all properties agreement is good, although improve- 
ment in second virial coefficients is desirable. What is more 
grqtifying, the results indicate that Equation (14)  is ap- 
plicable to a wide variety of fluids, from hydrogen to 
eicosane to polyethylene. 

While the effect on vapor pressures is Small, allowing 
parameter rvu to be slightly temperature-dependent im- 
proves agreement between calculated and observed en- 
thalpies and liquid densities, Because of methane's special 
importance in technology, temperature-dependent rv" 
parameters were evaluated for methane as given in the 
Appendix. 
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Fig. 5. Calculated and experimental vapor pressures for six nonpolar 
fluids. 

2 3 4 
I 'f I f  

250°K 500°K 6 

Fig. 6. Calculated and observed vapor pressures for carbon dioxide 
and three polar fluids. 

TABLE 3. ROOT-MEAN-SQUARE AND MAXIMUM DEVIATIONS 
IN VAPOR PRESSURE 

Root-mean- 
Temperature square Maximum 

range deviation deviation 
T / T c  % % 

Methane 0.53-0.99 1.0 1.7 
i-butane 0.71-0.96 0.47 0.8 
Benzene 0.55-0.97 2.6 4.8 
Dodecane 0.57-0.64 0.39 1.1 
Water 0.72-0.98 3.4 5.2 
Sulfur dioxide 0.66-0.96 1.33 2.9 
Carbon dioxide 0.73-0.96 0.6 1.0 

O Root-mean-square deviation = { f; ( !!- x 100 >I 1 
P z =1 . 

where n is the number of experimental data points. 

0 Experimental 
-Equalion of State 

f 

: 70 
Methane 

' ' ''U 4 0  A b o n  Dioxide 

30L 20 
I I I J 

200 300 4 0 0  500 6 W  
Temperature. 'K 

CALCULATED AND OBSERVED SATURATED LIQUID VOLUMES 

Fig. 7. Calculated and observed saturated liquid volumes. 

As shown in Figure 9, parameters roo are closely related 

contribution method of Bondi (1968). Similarly, as shown 

of vaporization E,, as defined by Bondi, and as calculated 
by a group-contribution method (Bondi, 1968). 

Figure 9 and Table 5 indicate that Bondi's group-con- 
tribution tables may be useful for calculating parameters 
for Equation (14) for large molecules where experimental 
data are scarce. 

CRITICAL REGION 
to van der Waals vm 

in 5,  parameters €4 are 

from the group- 

to the energy 
The new equation of state presented here [Equation 

fixed, we can solve for the critical constants using the rela- 
(14)]  is a three-parameter equation. If parameter c is 

tions 
( a P / d V )  = 0 and ( a2P/aV2) T = 0 

at the critical point. We performed the differentiations 
numerically, and Table 6 shows results for a few values 
of c. The critical compressibility factors are too large, al- 
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Fig. 8. Predicted (not fitted) second-virial coefficients. All param- 
eters obtained from data a t  high densities. 

1. 

2. 
3. 
4. 
5. 

6. 
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8. 
9. 
to. 
I I .  
12. 
13. 

ARGON 
ETHYLENE 
HYDROGEN SULFIDE 
ETHANE 
n - PROPANE 

i - BUTANE 
BENZENE 
CARBON DIOXIDE 
WATER 
n-HEPTANE 
n- DODECANE 
n- HEXADECANE 
n- EICOSANE 

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 
ACENTRIC FACTOR 

Fig. 10. For small and intermediate sized molecules, the number of 
external degrees of freedom 3c is  related to the acentric factor. 

though they decrease with rising c, in agreement with 
experiment. It is now well established (Rowlinson, 1972; 
Levelt-Sengers, 1974) that all analytical equations of state 
are poor in the critical region; Equation (14) is no excep- 

w 

s 

Fig. 9. 

I ,5Y 

I -ARGON 
2-CARBON DIOXIDE 
3-SULPHUR DIOXIDE 
4 - n -PROPANE 
5 -BENZENE 
6-n-HEPTANE 
7-n-HEXADECANE 
8 -n-EICOSANE 
9 -O(L-PHENYLETHYL) HEPTADECANE 
10- 1-7- DICYLOPENTYL 

-4(3- CYCLOPENTYL PROPYL) HEPTANE 

I I 
100 200 300 

W I  
cc / mole 

VAN DER WAALS VOLUMES, V, IBONDI) 

Correlation of close-packed volumes with Bondi's van der 
Waals volumes. 

TABLE 4. RESIDUAL ENTHALPIES FOR METHANE, ISOBUTANE, 
NITROGEN, AND WATER AT REPRESENTATIVE TEMPERATURES 

AND PRESSURES 

- Residual enthalpy 
kcal/mole 

Temp. 
Fluid "K 

Methane + 120 

160 
250 
300 

IsobutaneO * 420 

500 

600 

Nitrogen) f 66.7 
72.2 
94.4 
138.9 
166.7 
222.2 

Water*** 323.2 
373.2 
473.2 
773.2 
973.2 

Pressure 
bars 

55.4 
274.8 
153.1 
99.6 
150.6 
211.7 

176.0 
321.0 
30.5 
294.0 
39.6 
148.5 

74.1 
146.7 
275.2 
36.0 
73.1 
155.8 

223.7 
245.1 
253.0 
68.0 
88.0 
214.0 

Experi- 
mental 

1.91 
1.78 
1.64 
0.63 
0.57 
0.73 

3.57 
3.52 
0.61 
2.84 
0.45 
1.58 

1.38 
1.30 
1.11 
0.31 
0.40 
0.36 

10.2 
9.69 
8.68 
0.33 
0.23 
0.57 

Calcu- 
lated 

1.88 * 
1.76 * 
1.67 * 
0.61 
0.56 
0.72 

3.62 
3.56 
0.59 
2.99 
0.50 
1.65 

1.29 
1.23 * 
1.10 * 
0.30 
0.39 
0.36 

10.0 * 
9.74 * 
8.99 * 
0.29 
0.23 
0.56 

Liquid phase. 
) Goodwin, 1974. 

Qu API, Project 44, 1953. 
)) Jacopsen et al., 1973. 

OUu East, 1964. 

tion. Results based on molecular dynamics are also poor in 
the critical region because they depend strongly on the 
number of particles included in the computer simulation. 
For reliable results in the critical region, it is necessary to 
perform computer calculations with a very large number 
of particles, requiring computers larger than those now 
available. 

For normal fluids (as defined by Lewis, Pitzer, et al., 
1961) we expect that c correlates well with the acentric 
factor w. Such a correlation is shown in Figure 10. 
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TABLE 5. RELATION BETWEEN CHARACTERISTIC PARAMETER 
€4 AND BONDI’S Eo 

‘9 Eo 
caVmole 100 ~ q / E o  

Methane 

Ethane 

n-propane 
n-heptane 

n-dodecane 
n-hexadecane 
n-eicosane 
Ethylene 
i-butane 
Nitrogen 

Benzene 

Water 

Sulfur dioxide 

302 

596 

745 
1,446 

2,077 
2,953 
3,591 

493 
807 
203 

1,202 

1,623 

958 

2,000 

3,940 

5,290 
9,540 

14,980 
19,260 
23,540 

3,490 
6,200 
1,318 

7,270 

9,000 

5,455 

15 

15 

14 
15 

14 
15 
15 
13 
13 
15 

16 

18 

17 

TABLE 6. REDUCED CRITICAL CONSTANTS AND THE CRITICAL 
COMPRESSIBILITY FACTOR’ 

1 4.725 1.317 0.101 0.364 
1.5 5.330 1.488 0.066 0.356 
2 5.796 1.602 0.408 0.346 
3 6.579 1.731 0.029 0.327 

10 12.316 2.123 0.005 0.313 

BRIEF COMPARISON WITH OTHER THREE-PARAMETER 
EQUATIONS OF STATE 

Numerous empirical or semiempirical three-parameter 
equations have been proposed. One that has recently re- 
ceived much attention is a modified Redlich-Kwong equa- 
tion (Soave, 1972). 

The original Redlich-Kwong equation was intended 
only for gases, not for liquids (Redlich and Kwong, 1949). 
The Redlich-Kwong equation (and its many modifications) 
is fundamentally not suited for liquids because, if the 
temperature is low or the pressure is high (or both), the 
term o - b becomes negative and the equation of state 
yields meaningless results. (The function u is always posi- 
tive.) This limitation, also present in the original van der 
Waals equation, was recognized by van der Waals and 
his co-workers many years ago. Equation (14) does not 
suffer from this deficiency because for all fluid densities 

the reduced density v- l  is always less than unity. 
As shown by Soave (1972), a modified Redlich-Kwong 

equation can be used successfully to represent vapor-pres- 
sure data. However, when the adjustable parameters are 
fitted to do so, the calculated liquid densities are in poor 
agreement with experiment. Equation (14) does not suffer 
from this deficiency, More important, however, Equation 
( 14),  unlike other three-parameter equations of state, is 
applicable to fluids containing very large molecules as 
well as to those containing simple molecules. 

- 
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NOTATION 

B 
3c 

d 
EL? 
f 
f 
H 
k 
Mlu 
N 
P 
Q 
4r.u 

= dimensionless constants in Equation (14) given 

= second virial coefficient 
= number of external degrees of freedom per mole- 

= hard-sphere diameter 
= Bondi’s energy of vaporization 
= fugacity 
= afunction 
= enthalpy 
= Boltzmann’s constant 
= molecular weight 
= number of molecules 
= pressure 
= canonical partition function 
= contribution to partition function arising from ro- 

= number of segments per molecule 
= gas constant 
= entropy 
= temperature 
= total volume of the system of N molecules 
= free volume 
= volume per mole 
= acentric factor 
= potential field 
= characteristic energy per molecule 
= a constant equal to 0.7405 

in the Appendix 

cule 

tational and vibrational degrees of freedom 

Superscripts 
R = residual property 
L = liquid state 
G = gaseous state 
* = reducing property - = reduced property 

Subscripts 
c = critical property 
int 
ext 
n 

= internal (independent of density) 
= external (dependent on density) 
= index (an integer) in Equation (17) for the ex- 

ponent in a Taylor series in reciprocal reduced 
temperature 

= index (an integer) in Equation (17) for the ex- 
ponent in a Taylor series in reciprocal reduced 
volume 

m 
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APPENDIX 

The molecular-dynamic results of Alder are given in a form 
where the Holmholtz energy is the sum of a hard-sphere part 
and a perturbation part; the latter follows from attractive in- 
termolecular forces. These are represented by a square-well 

potential where the width of the well is a fixed multiple ( H) 
of the hard-sphere diameter. For the hard-sphere part we use 
the Carnahan-Starling equation. For the perturbation part we 
use Alder’s results: 

The dimensionless constants A, are 

A11 = -7.0346 
A12 = -7.2736 
A13 = -1.2520 
A14 = 6.0825 
A15 = 6.8 
A16 = 1.7 

A21 = -0.33015580 x 101 
A= = -0.98155782 x 100 
A23 = +0.22022115 X 103 
A24 = -0.19121478 x 102 
Azj = +0.86413158 x 104 
A26 = -0.22911464 x 105 
A27 = +0.35388809 X 1 0 5  
A28 = -0.29353643 x 105 
Azg = +0.10090478 x 105 
A31 = -0.11868777 X 10’ 
A32 = +0.72447507 X 10’ 

= -0.17432407 x 102 
A34 = +0.19666211 x 102 
A35 = -0.85145188 x 101 
A41 = -0.51739049 x 100 
A 4 2  = +0.25259812 x 10’ 

A44 = +0.23434564 x 10‘ 

n = l ,  M = 6  
n = 2 ,  M = 9  
n = 3 ,  M = 5  
n = 4 ,  M = 4  

A43 = -0.41246808 X 10‘ 

When 

For methane the effect of temperature on vbsp is given by - - - 
~ ‘ s p  = 1.467662 - 1.504333T + 2.695236T2 - 2.046844F 

+ 0.8062849?4 - 0.1733586FS + 0.019398% - 0.0008816?7 

where subscript sp (specific) indicates that u’ is per gram. 

in an Argon Plasma 

A reactor system was developed for the study of heterogeneous reaction 
kinetics in  plasma tail flames. This system was used to  investigate the 
thermal decomposition kinetics of stationary particles of molybdenum di- 
sulfide in both the molten and solid state when exposed to argon flames in 
the temperature range 3 OOOOK to  8 00O0K. 

In the solid state a shrinking-core reaction model was obeyed. The 
rate of reaction was largely controlled by the diffusion of sulfur vapor out- 
wards through the product layer. An apparent activation energy of 134 
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